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The Wilson loop in the electric/magnetic Melvin field deformed AdS5×S5 background, which
breaks both of the conformal symmetry and supersymmetry, is studied. In the AdS/CFT
correspondence we investigate the classical Nambu-Goto action of the corresponding string
configuration. We show that, while the magnetic Melvin field could modify the Coulomb
type potential in IR it may produce a strong repulsive force between the quark and anti-
quark if they are close enough. Especially, there presents a minimum distance between the
quarks, which is proportional to the strength of the magnetic field. The electric Melvin field,
however, could only modify the Coulomb type potential. We also analyze the motion of a
particle propagating on the Melvin field background and see that the effect of the Melvin




The expectation value of Wilson loop is one of the most important observations in the gauge
theory. In the AdS/CFT duality [1-3] it becomes tractable to understand this highly non-
trivial quantum field theory effect through a classical description of the string configuration
in the AdS background. Using this AdS/CFT duality Maldacena [4] derived for the first
time the expectation value of the rectangular Wilson loop operator from the Nambu-Goto
action associated with the AdS5 × S5 supergravity and found that the interquark potential
exhibits the Coulomb type behavior expected from conformal invariance of the gauge theory.
Maldacena’s computational technique has already been extended to the finite tempera-
ture case by replacing the AdS metric by a Schwarzschild-AdS metric [5]. In order to make
contact with Nature many investigations had gone beyond the initial conjectured duality and
generalized the method to investigate the theories breaking conformality and (partially) su-
persymmetry [6-9]. For example, the Klebanov–Witten solution [10], the Klebanov–Tseytlin
solution [11], the Klebanov–Strassler solution [12], and Maldacena–Nu´n˜ez (MN) solution [13]
which dual to the N = 1 gauge theory.
In this paper we will use AdS/CFT correspondence to investigate the Wilson loop in the
electric/magnetic Melvin field deformed AdS5 × S5 background, the background which had
been constructed by us [14] breaks both of the conformal symmetry and supersymmetry.
After analyzing the Nambu-Goto action of the corresponding string configuration we see
that, while magnetic Melvin field could modify the Coulomb type potential in IR it may
produce a strong repulsive force between the quark and anti-quark if they are close enough.
Especially, there presents a minimum distance between the quarks, which is proportional to
the strength of the magnetic field. For the electric Melvin field, we show that it could only
modify the Coulomb type potential.
As the string corresponding to the Wilson loop lies along a geodesic with endpoints on
the AdS5 boundary the geometry of the AdS5 has bent the string into a “U” type. It is
naturally to conjecture that the geometry will also affect on the particle trajectory. We
therefore also investigate the trajectory of a particle and have seen that the effect of the
Melvin geometry on the particle is very similar to that on the string.
It is known that the classical supergravity alone could not describe realistic gauge theories,
which contain higher spin glueballs. The dual of pure QCD is therefore expected to be a
strongly coupled string model. However, even if the supergravity dual models studied in
the literatures are not quantitatively relevant for QCD, they provide a good laboratory for
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studying the mechanism of confinement and the qualitative properties of QCD. Thus, this
paper, which studying an AdS-inspired solution with external electric/magnetic field flux
deformation, could provide a nevertheless interesting investigation. Note that the Wilson
loop in the β marginal deformation has been investigate in [15]. The AdS/CFT approach to
the problem of the baryon vertex with external magnetic flux is also discussed in [16]. For
the relevant theory of introducing an external electric field had been investigated in [17], in
which the theory with a pseudo scalar coupling with a constant electric was considered. It
then sees that in the case of a constant electric field strength the static potential remains
Coulombic, the property as in our model. However, the confinement phase in the case of a
constant magnetic field strength shown in there does not found in our paper.
In section II we discuss the Wilson loop on the magnetic Melvin field deformed AdS5×S5
background. In section III we discuss the Wilson loop on the electric Melvin field deformed
AdS5 × S5 background. In section IV we discuss the particle trajectory on the Melvin field
deformed AdS5 × S5 background. Last section is devoted to a short discussion.
2 Wilson Loop on Magnetic Field Deformed AdS
The background of the magnetic Melvin field deformed AdS5×S5 background we considered
is described by [14]
ds210 =
√




−dt2 + dx21 + dx22 +
1










1 +B2U2 cos2 γ





1 +B2U2 cos2 γ, Aφ1 =
BU2 cos2 γ
2 (1 +B2U2 cos2 γ)
. (2.2)
The field strength of the 4-form RR potential is Fγϕ1χ1χ2χ3 =
√
1 +B2U2 cos2 γ cos γ sin3 γ
√
gχ,
in which χ1, χ2, and χ3 are the coordinates of Ω3. The above background is obtained by
first applying the transformation of mixing azimuthal and internal coordinate to the 11D
M-theory with a stack N M2-branes, after Kaluza-Klein reduction then using the T duality
to find the 10 D spacetime of a stack of N D3- branes with magnetic flux, finally taking
“near-horizon” limit we have the above result [14].
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From (2.1) we see that, as the spacetime AdS5 has been deformed the original isometry
group of SO(2.4), which corresponding the conformal symmetry, is broken. Also, as the
boson and fermion have different spin they will feel the different strength about the external
magnetic field. Thus the supersymmetry will also be broken.
2.1 Solution I
Following the Maldacena’s computational technique the Wilson loop of a quark anti-quark
pair is calculated from a dual string. The string lies along a geodesic with endpoints on
the AdS5 boundary representing the quark and anti-quark positions. The ansatz for the
background string we first considered is
t = τ, x3 = σ, U = U(σ), (2.3)








(1 +B2U2)(∂σU)2 + U4, (2.4)
in which T denotes the time interval we are considering and we have set α′ = 1. As the
















As we put the quark at place x3 = σ = −L/2 and the anti-quark at x3 = σ = L/2 we can















For a clear illustration we show in figure 1 the function L(U0) which is found by perform-
ing the numerical evaluation of (2.6) for the cases of B = 0, B = 1 and B = 2 respectively.
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Figure 1. The function L(U0) for the cases of B = 0, B = 1 and B = 2 respectively.
We see that there presents a minimum distance between the quarks and that the minimum
distance is proportional to the strength of the magnetic field.
Figure 1 shows that there presents a minimum distance between the quarks and that the
minimum distance is proportional to the strength of the magnetic field. This property could
be read from the following analyses.


































Above result is the approximation of the large U0, i.e. at short distance. Eq.(2.7) shows that
the distance L shall be larger then |B|π
2
. This means that the magnetic Melvin field could
produce a repulsive force between the quark and anti-quark. Note that a previous paper [8]
had also found that the space noncommutative could produce an extremely repulsive.
To explicitly see the above property in the Melvin background let us begin to analyze
the Wilson loop. Using (2.5) we can evaluate the quark-antiquark potential H form the


























y4 − 1 , (2.8)
5
which is a divergent quantity. Now, following the prescription of Maldacena [4] we multiply
the integration by yǫ and subtraction the regularized mass of W-boson to find the finite






































































L− L0 , as L→ L0 (2.9)
in which we have used the relation (2.7). Eq.(2.9) shows that the magnetic Melvin field will
produce a strong repulsive force between the quark and anti-quark if they are close enough.








dy yǫ which was used in [4]. The reason is that our subtraction term could
product a divergent term 1
2Bπǫ
which just cancels the divergence in the first integration term
in (2.9) and thus produces a finite result. The overall factor
√
1 +B2U20 y
2 may be relevant
to the Melvin curved-space property which shall be considered to evaluate a proper value of
the self-energy of the string.
As the above calculation is performed under the approximation U0 >> 1, which corre-
sponding to the short-distance behavior, we will now use the above analyses to present the
following evaluation which is performed under the approximation U0 << 1, which corre-
sponding to the large-distance behavior.
























































, as L≫ L0, with α ≡ (2π)
3/2
Γ(1/4)2







Thus the magnetic Melvin field will decrease the Coulomb potential in IR.





Figure 2. The interquark potential H(L). We see that there presents a minimum distance
L0 between the quarks and it becomes Coulomb phase potential in IR.
Note that the potential function H(L) of arbitrary distance L could be obtained from (2.8)
while regularize the expression by integrating the energy only up to Umax and subtracting
the mass of the W-boson, as that discussed in [4].
Note that above calculations are performed by adopting the ansatz (2.3) in which letting
x3 = σ. In fact, we can adopt another ansatz by letting x1 = σ (or x2 = σ). As the deformed
AdS5 × S5 background has introduced an external flux the space becomes anisotropic and
expectation value of Wilson loop will depend on the direct they placing. Therefore we expect
that the dual string corresponding to the another ansatz will produce different potential. In
this case, one can follow the above analyses to calculate the corresponding Melvin field
deformed Wilson loop and show that there only appear the Coulomb phase. The analyses
are described in the following subsection.
2.2 Solution II
We next consider a quark anti-quark pair which lies on x1 = L/2 and x1 = −L/2 respectively,
in contrast to the previous case in which the quark anti-quark pair lies on x3 = L/2 and
x3 = −L/2 respectively. The ansatz for the background string is therefore
t = τ, x1 = σ, U = U(σ), (2.12)
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(1 +B2U2) ((∂σU)2 + U4). (2.13)








(1 +B2U2)U4 − U40 . (2.14)


































x4 + x2 + w
1+w
) , (2.15)
in which we define
B2U20 ≡
√
w3 + w2. (2.16)
Note that using the above new variable w the expressions could become very simple.



















w3 + w2 y2)y2√
(
√
1 + w y2 − 1)(wy4 +√1 + w y2 + 1)
=












x4 + x2 + w
1+w
) , (2.17)
which is a divergent quantity and we shall follow the prescription of Maldacena [4] to find
the finite result. As the (2.15) and (2.17) could not be integrated exactly we will consider
the cases of L≫ 1 and L≪ 1 respectively.

















































in which α being defined in (2.11) approximates to be α ≈ 1.198 and γ ≈ 1.910. Using the











(2γ − α). (2.19)





























































































Thus the Melvin field could only increase the Coulomb type potential in IR. The confinement
still does not show in this Melvin field background.
It is interesting to see the property that the interquark distance L being an increasing
function of B shown in (2.10) implies the interquark potential H being a decreasing function
of B shown in (2.11). On the other hand, in the solution II the property of the interquark
distance L being a decreasing function of B shown in (2.19) implies the interquark potential
H being an increasing function of B shown in (2.22).





















Using (2.17) and (2.23) the interquark potential becomes



























Thus the magnetic Melvin field will decrease the Coulomb potential in UV. Note that,
contrast to the solution I there does not exist a minimum distance L0 in the solution II. In
fact, the numerical evaluation of (2.15) could be used to show that the interquark distance
could cover the all space, i.e. 0 < L <∞.
Let us make the following comments about our calculations.
1. According to the AdS/CFT correspondence the YM theory on 4D is dual to string on
AdS5. In our model as the AdS5 is deformed by magnetic field one attempts to conjecture
that the corresponding field theory is the YM theory with external magnetic flux. Thus the
Wilson loop calculated in the above will show the interquark force under the external mag-
netic field. However, as the YM theory describes the strong interaction the force between
quarks seems irrelevant to the EM field at first sight. Thus, it is the Melvin field deformed
geometry on which the quark-antiquark living could produce the extra force to show the
interquark potential H(L) plotted in figure 2. Note that in the literature [18] it had shown
that the space non-constant noncommutativity could also produce a strong repulsive force
between the quark and anti-quark if they are close enough. There also presents a mini-
mum distance between the quarks and that the distance is proportional to the value of the
noncommutativity, exhibiting the nature of the noncommutative theory. It seems that the
magnetic Melvin field has the similar effect.
2. According to the AdS/CFT duality the property of gauge theory is calculated from the
dual string on the AdS space. The geometric property of the AdS shall be relevant to the
character the gauge theory. As the string corresponding to the Wilson loop lies along a
geodesic with endpoints on the AdS5 boundary the geometry of the AdS5 therefore will
bend the string to be a “U” type. For the gauge theory under the magnetic flux the cor-
responding geometry is the Melvin field deformed AdS spacetime and the geometry of the
deformed AdS5 will bend the string to be a “U” type, which in our model has shown a
property of existing a minimum distance L0 between the quarks. Therefore, it is interesting
to see whether such a “bending” property will also be shown in the trajectory of a particle.
In the section IV we will investigate this problem and see that the effect of the Melvin field
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on the particle is very similar to that on the string.
3 Wilson Loop on Electric Field Deformed AdS
The background of the electric Melvin field deformed AdS5 × S5 background we considered























e4Φ/3 = U2(1− E2U4), At = EU
4
1− E2U4 . (3.2)
The 4-form RR potential is Aϕ1χ1χ2χ3 =
√
1− E2U2 sin4 γ√gχ, in which the angular co-
ordinates are as those in (2.1). The above background is obtained by first applying the
transformation of mixing time and internal coordinate to the 11D M-theory with a stack
N M2-branes and, after Kaluza-Klein reduction then using the T duality to find the 10D
spacetime of a stack of N D3- branes with electric flux, finally taking “near-horizon” limit
we have the above result [14].
As discussed in the above section the introducing electric Melvin field will break both of
conformal symmetry and supersymmetry. There are two kind solutions to be analyzed.
3.1 Solution I





















Using the above equation we can find the following relation between the integration constant














As the value U is integrated form U = U0 to U = 1/
√
E the value U0 shall be smaller then
1/
√
E and we have the relation U0 < 1/
√























which is the approximation of the EU20 < 1. Note that we have also performed the numerical
evaluation of (3.5) and see that for the case of 0 ≤ U0 ≤ 1/
√
E the distance could cover all
space, i.e. 0 ≤ L ≤ ∞. Thus, contrast to that in the magnetic Melvin field, there does not
exist minimum distance between the quark and anti-quark in this case.
Now, using (3.4) we can evaluate the quark-antiquark potential H form the Nambu-Goto































which is a divergent quantity and, as before, we multiply the integration by yǫ and subtraction

































in which we have used the relation (3.6). Eq.(3.8) shows that the electric Melvin field could
only increase the coulomb potential and we does not find the confinement phase.
3.2 Solution II







(∂σU)2 + U4. (3.9)
Although the above action is just that without deformation it does not means that the
Wilson loop have not been deformed. The reason is that the metric (3.1) tells us that there
























































































Eq.(3.14) shows that the electric Melvin field could only decrease the coulomb potential and
we does not find the confinement phase, as that in the solution I.
4 Particle Trajectory on Melvin Field Deformed AdS
In this section we will analyze the motion of a particle under the Melvin field deformed
spacetime described in (2.1) and (3.1). We only analyze the cases corresponding to the
solution I in the sections II and III. Those corresponding to the solution II could be analyzed
in the same way and will be neglected.













in which x is used to denote the coordinate x3 in (2.1).
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4.1 Particle Trajectory on AdS background
Let us first analyze the undeformed spacetime with B = 0. The equations of motion,
0 = X¨µ + ΓµαβX˙









0 = U¨ + U3t˙2 − U3x˙2 − U−1U˙2, (4.4)
in which t˙ ≡ dt/dτ and τ is the proper time, and so on. In the case of B = 0 Eq.(4.1) implies
1 = −U2 t˙2 + U2 x˙2 + U−2U˙2. (4.5)


















0 − (x˙)20 U20 + U2. (4.8)













which has a simple solution
x− x0 = (x˙)0
(t˙)20 − (x˙)20









Above solution tells us that the particle trajectory on the AdS spacetime is “bended”. For




Figure 3. The particle trajectory on AdS.
It shall be noticed that we do not want to show the particle trajectory will be bent into
a “U” type. What we attempt to see is the property that the “bending” property shown
in the particle trajectory is coming from the geometric character of the background AdS
spacetime which is that to bend the string to lies along a geodesic with a “U” type. In
fact, from the figure 3 we see that a particle trajectory along a dashing line will approach
to x → ±∞. Thus there is a spiky on the cross point of the dashing line and solid line.
However, the string geodesic is a smooth “U” type without any spiky.
4.2 Particle Trajectory on Magnetic Field Deformed AdS
To analyze the Melvin field effect on the trajectory we will consider the deformed AdS
background with large B in order to obtain an analytic property. In this case we can
approximate the factor 1 +B2U2 ≈ B2U2 and the equations of motion are
0 ≈ t¨+ 3
U
t˙ U˙ , (4.11)
0 ≈ x¨+ 1
U
x˙ U˙ , (4.12)







In this case (4.1) implies the relation
1 ≈ −BU3t˙2 + U
B
x˙2 +BU−1U˙2. (4.14)




































which implies the following solution





































In the limit of large value of B and U the above equation becomes
















The relation of ∆ ∼ (B)1/3 means that increasing B will increasing the distance of final
position x(U → ∞) from the initial position x0. Note that this property comes from the
geometry of the Melvin field deformed background and one may conjecture that it will also
be shown in the string which corresponding to the Wilson loop lies along a geodesic with
endpoints on the AdS5 boundary. We may argue that the corresponding property is that
shown in (2.10), i.e. interquark distance L is an increasing function of B. Eventually, there
may have a repulsive force between the quark and anti-quark if they are close enough and
there may exist a minimum distance L0 which will be an increasing function of the Melvin
field parameter B, as shown in (2.7b).
4.3 Particle Trajectory on Electric Field Deformed AdS
We next investigate the electric Melvin field effect on the particle trajectory. For simplicity












We will consider the deformed AdS background with small E in order to obtain an analytic
property. In this case the equations of motion are
0 ≈ t¨+ 2(U−1 + E2U3) t˙ U˙ , (4.22)
0 ≈ x¨+ 2(U−1 + E2U3) x˙ U˙ , (4.23)
0 ≈ U¨ + (U3 − 1
2
E2U7)t˙2 − U3(x˙2 + U˙2), (4.24)
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exp[−E3(U4 − U40 )/2]. (4.27)










exp[−E3(U4 − U40 )]
)
. (4.28)
As we want to see how the Melvin field E will correct the trajectory in the case of small vale
of E we can approximate
x ≈ xAdS + δx, (4.29)
in which xAdS is the undeformed solution calculated in (4.10). Then, from (4.27) and (2.28)






2 − U20 )/2√
((t˙)20 − (x˙)20)U40 + U2
E3. (4.30)
which implies that δx is a decreasing function of E. Thus, increasing E will decreasing
the distance of final position x from the initial position x0. This property comes from the
geometry of the electric field deformed background and one may conjecture that it will also
be shown in the string which corresponding to the Wilson loop lies along a geodesic with
endpoints on the AdS5 boundary. We therefore may argue that the corresponding property
is that shown in (3.6), i.e. interquark distance L is a decreasing function of E.
5 Conclusion
In this paper we study the Wilson loop in the electric/magnetic Melvin field deformed
AdS5 × S5 background, which breaks both of the conformal symmetry and supersymmetry,
from the supergravity side of the duality proposed by Maldacena [4]. We find that, while the
magnetic Melvin field could modify the Coulomb type potential in IR it may produce a strong
repulsive force between the quark and anti-quark if they are close enough. Especially, there
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presents a minimum distance between the quarks, which is proportional to the strength of the
magnetic field. We also show that the electric Melvin field could only modify the Coulomb
type potential. The confinement seems not to be shown in the Melvin field background.
We also analyze the motion of a particle propagating on the Melvin background and see
that the effect of the Melvin geometry on the Wilson loop is very similar to that on the
particle trajectory. It is interesting to see whether the gauge theory approach could produce
a consistent result.
Finally, it is known that, Maldacena method [4] cannot obtain the subleading corrections
which arise when one considers coincident Wilson loops, multiply wound Wilson loops or
Wilson loops in a higher dimensional representation. In recent, Drukker and Fiol [19] showed
a possible way to compute a class of these loops using D branes carrying a large fundamental
string charge dissolved on their worldvolume pinching off at the boundary of the AdS on the
Wilson loop [20]. It is interesting to use the D-brane approach to evaluate the Melvin field
deformed Wilson loop of other class. Another interesting phenomena in the AdS picture
of Wilson loops is the Gross-Ooguri phase transition [21] which occurs in the two Wilson
loop correlator [22-24]. It would be interesting to see how the Melvin field would affect the
Gross-Ooguri phase transition therein. These problems remain in the future investigations.
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